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Consider three colors 1,2,3, and for j _< 3, consider n items (Xi,j)i<n of color j.  We want 
to pack these items in n bins of equal capacity (the bin size is not fixed, and is to be determined 
once all the objects are known), subject to the condition that each bin must contain exactly one 
item of each color, and that the total item sizes attributed to any given bin does not exceed the bin 
capacity. Consider the stochastic model where the random variables (Xi,j)i<n,j< 3 are independent 
uniformly distributed over [0,1]. We show that there is a polynomial-time algorithm that produces 
a packing which has a wasted space < Klogn with overwhelming probability. 

1. I n t r o d u c t i o n  

Consider  ra possible  colors 1 , . . .  ,m,  and  for j _< m, consider  n i tems (xi,j)i<n. Let 
M be the ma t r i x  (xi,j)i<_n,j<_m. W h a t  is the  m i n i m u m  bin size a=an,m(M) needed 
to pack all the  i tems,  when the  i tems are packed in n bins, sub jec t  to the  res t r ic t ion  
t ha t  each bin conta ins  exac t ly  one i t em of each color, and  tha t  the  sum of the  i tem 
sizes a t t r i b u t e d  to each bin does not  exceed a? An  equivalent  re formula t ion  of the  
p rob lem is as follows. Consider  a m a t r i x  M = (xi,j)i<n,j<r n of posi t ive  numbers .  
Denote  by En the  set of p e r m u t a t i o n s  of {1 , . . .  ,n}.  Cons ider  the  p rob lem of f inding 

an'm(M)=minln~anXEXaj(i)'J; Crl'' '"amCEn} " ~  - j<m 

In words,  we t ry  to minimize  the  m a x i m u m  row sum when we are p e r m i t t e d  to 
pe rmu te  e lements  wi th in  each column. Under  this  formulat ion,  the  p rob lem has 
been s tud ied  under  the  name "assembly line crew scheduling" in [1], where it is 
po in ted  out  t ha t  i t  is N P - c o m p l e t e ,  and  where app rox ima t ion  a lgor i thms  are given. 

The  present  pape r  is concerned wi th  the  p robab i l i s t i c  analys is  of this  problem.  In 
our model  the  i tem sizes are independen t  r a n d o m  variables  (Xi,j)i<n,j<_m, uniformly  
d i s t r i bu t ed  over [0,1]. The  au thors  have, in the  pas t ,  a t t e m p t e d  to s t u d y  s tochas t ic  
bin  packing  models  under  the  much less res t r ic t ive  a s sumpt ion  t ha t  the  i t em sizes 
are d i s t r i bu t ed  according  to a given d i s t r ibu t ion  #, on which no special  a s sumpt ion  
is made .  I t  is most  l ikely t ha t  such an analysis ,  a long the  lines of  [3], could be made  
in the  present  s i tua t ion .  The  po in t  of focusing on the  uniform d i s t r ibu t ion  is tha t ,  
in t ha t  case, some subt le  phenomenon  occur  tha t  do not  occur  in the  general  case. 
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Since we have to pack items of total  size ~ Xi, j i n  n bins, one of these bins 
i<n 
j<m 

must contain items of total size >_n -1 ~ Xi,j. Thus an,re(M)>_n -1 ~ Xi,j. It is 
i<n i<n 
j<rn j<m 

natural to introduce the quantity 

1 Z Xi , j  bn,m(M) = an,re(M) - n 
i<n 

j ~rn 

that  represents the average wasted (= empty) space in each bin in an optimal packing. 
The following question seems to be of unexpected difficulty. 

Problem. Of which order is the expectation of bn,m(M)? 
The nature of the problem depends on the respective values of m,n .  We are 

interested here in the case where m is fixed, n--+ oc. 
Let us first consider the case m = 2. In that  case, the reader will check that  the 

best we can do is to match the k-th largest item of the first column with the k-th 
smallest i tem of the second one. It  is then routine to check that  this implies that  
Ebn,2(M) is of order n -1/2. 

Things become much harder for m > 3. We conjecture that  for given m, for n 
large, Ebn,m(M) is of order n -h(m) for some sequence h(m) --* c~ (h(m) = ( m - i ) / 2 ? ) .  
In this paper we prove the following. 

Theorem 1. For some constant K, we have 

Ebn,3(M) <_ K l o g n  
n 

The point of this Theorem is that  this bound is one order of magnitude smaller 
than the typical size n- l /2  of the "random fluctuations". Our proof will show that  
a packing witnessing the inequality of Theorem 1 can be found in polynomial time. 
Minor modifications in our proof also show that  Ebn,m(M) <_ K logn /n  for m >_ n; 
but in view of the conjecture above, the case m = 3 is the most interesting. We do 
not know what is the actual order of Ebn,3(M). It  is however possible to show that  

Ebn,m(M) is of order at least n -m+l for m fixed, n--~ oo (which, as the reader might 
have observed, is not sharp for m = 2). We will not present the proof of this crude 
bound here. The main idea is that  if we set 

h(e)= P max ~ X i , j - -  ~ X i j  <_e 
[ i < n  ~ ?% 
\ -  j<_m 

then Ebn,m(m) _> ~/2 whenever (card~n)m-lh(~) <_ 1/2. (One then estimates h(e).) 
We now explain the main idea of our approach. One reformulation of the problem 

is as follows. We have to find a small value of a for which there is a solution to the 
following integer programming program. Find, for il ,  i2, i3 <_ n, numbers ail,i2,i3 that  
satisfy 

(1.1) ail,i2,ia = 0 or 1 
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(1.2) ail,i2,i3 ~ 0 ::~ Zil ,1 --k Xi2 ,2  + Xi3,3 ~ a 

(1.3) Z ail,i2,i3 = 1, 

where the summation is taken over any two indices, the third one being fixed. We 
will first study the linear programming problem where condition (1.1) is relaxed 
into aQ,i2,i 3 ~ O. The main part of our proof is to show that when a is taken 
of order n -1 ~ ~ Xi,j + Klogn/n, (where K is a universM constant) then with 

i<nj<_3 
overwhelming probability the relaxed linear programming problem is feasible. We 
then show how to go from a solution to the relaxed problem to a solution of the 
original problem, by allowing a slight increase in a. A polynomial algorithm that 
actually finds a packing for which the average wasted space is <- Kn -1 log n can 
be found by solving the linear programming problem above and then following the 
explicit constructions described in section 2. It must be pointed out that the hardest 
arguments of the paper (sections 3 and 4) are irrelevant for the construction of 
this algorithm, and are only required to prove that the algorithm succeeds with 
overwhelming probability. 

Here, as in the sequel, K denotes a universal constant, not necessarily the same 
at each occurrence. When we need to keep track of the constants involved, we denote 
them by K1,K2, . . . .  

For reasons that should become apparent later, it is more fruitful not to adopt 
the point of view of linear programming, but of a "continuous" version of it. Another 
way to look at the linear programming problem presented above is a follows: find a 
probability measure # supported by the set 

such that for j <- 3, the j - th  marginal #j  of # is equal to n -1 ~ 5x~,j, where 5z 
i<n 

denotes the unit mass concentrated at x. Not much seems to be known about 
measures with given marginals. Not surprisingly, the main step in the proof of 
Theorem 1 will be a theorem (that seems to be of independent interest) about 
measures on [0,1] 3 with given marginals. 

We recall that  for a signed measure #, we define its total variation norm by 

[ [ # [ ] = s u p { f f d #  ; fcont inuous ,  l f [ < l  } .  

Throughout the paper, A denotes the uniform probability on [0,1]. 

Theorem 2. There exists a number ~ > 0 with the following property. Consider [or 
1 

j <3 a probability measure #j;  on [0,1] such that [[#j-A[[ <-~. Let a= ~ fxd#j(x) .  
j_<30 

Set 
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Then there is a probability measure # supported by Sa that has the m e a s u r e s  Itj as 
marginals. 

To' uri(terstand this resultl one should observe tha t ,  whenever  # has measures  Itj 
as m'arginals, then  

1 

/ ( x l  + x2 + x3)e.(xl, x2,x3)= Z a. 
J j<_3 b 

P 

Thus,  if One requests  tha t  ~ xj  <_ a # a.e., then  we will actual ly  have Xl + x 2  + x3--' 
j_<3 

a # a.e. ( a n d  it can ' t  be required tha t  # be suppor ted  by S a, for a I < a). Another  
impor tan t  observat ion is tha t  Theorem 2 would  n o t  hold in dimension 2. (This is 
closely connected to the specific behavior  ment ioned earlier in the case m = 2). To 

1 
see it, it suffices to choose I t l ,#2 such t ha t  for~j = 1,2, we have f x d # j ( x ) =  1/2 but  

0 
# j ( ] l / 2 ,1 ] )  > 1/2. Thus,  if # has #1,#2 as marginals,  we have 

#(]1/2,11 x [0,1]) > 1/2; i t ( [0 ,1 ]x] l /2 ,1 ] )  > 1/2 

and hence 

it(]l/2,1]x]1/2, 1]) > 0 
so tha t  # cannot  be suppor ted  by the set { ( x b x 2 ) ; x  I + x  2 ___ 1}. 

2. P r o o f  o f  T h e o r e m  1 

Our  first result  is basic to our approach.  I t  will allow to use measures  with given 
marginals  to const ruct  actual  matchings.  In the sequel, we assume n > 2. 

Propos i t ion  2.1. There exists a universal constant K1 with the following property. 
Consider a probability measure  # on ~3, and  its margina ls  # j , j  = 1,2,3. Assume 

that for some dosed set  S C N3 we have It(S) =1. Given n > 2, we can find for i _< n 
p o i n t s  (Z~)j<_3 in S such that 

vj __ 3 , v t  e R, nItj([t, cc)) <_ card{/_< n ; zj _> t} + K l l o g n .  

Commen t .  The  impor t an t  fact is tha t  Z i E S. Proposi t ion  2.1 will later  be applied 
when S is of the type  {z ; Zl + z2 + z3 _< a}. In tha t  case ~ z} < a for all i _< n. 

j<3 
Proof .  The  proof  is very similar to tha t  of [2], Theorem 2. I t  relies on the following 
fact, called Cara theodory  Theorem:  if a point  in ]~rn is in the  convex hull of a set, it 
can be expressed as a convex combinat ion  of at  most  m + 1 points  of tha t  set. 

~  and we define by induction For j < 3, we set uj 

k + l  - - - -  sup{u < k .  j uj , n#j([u, oc)) > n#j([u~, oc)) + 1}. 
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We observe that 
n#j([uk+l,  ~ ) )  _> n#j([uk, cx~)) + 1. 

Thus the construction stops at a last - k(j) and k ( j )<n .  
For each uER,  each j < 3 ,  we have 

#j([u, cx~)) = / l[u,c~)(zj)dp(zl, z2, z3) .  

S 
The integrals of finitely many functions can simultaneously by approximated by 

finite sums. Thus we can find a finite set L C S, and for z E L a number az >_ 0, such 
that ~ a z = n ,  and tha t  forj<_3,1<_k<_k(j),  

zEL 

zEL 

= 1 +  Z 1 k az (-~,zj](uj). 
zEL 

k From Caratheodory Theorem, we see that We have k(1) + k(2) + k(3) < 3n points uj.  
there is a subset M C L with cardM < 3n + 1 and for z E M numbers /~z, 3z > 0, 

~z = ~ a z = n  such that for j<_3,k<_k(j) we have 
zEM zEL 

E 1 k k Zz (-~,zj l(Uj)  = E azl(-oc,z3](uJ ) 
zEM zEL 

and thus, 

n#j([uk, cx~)) ~ 1 + E 1 k ~z (-~,z~](uj). 
zEM 

k+l < u~ (setting u~ (j)+l = --oc) we have by For 0 < k < k(j) and uj" < u definition o f  

uk+l that n#j([u ,~])  <n#j([u~,cx~))+l. Since l(_oc,zj](u ) > l(_~,zj](u~),  it follows 
J 

that  for j < 3, u E ~, we have 

(2.2) n#j([u, (:~)) < 2 ~- E Zzl(-oc,zj] (u)' 
zEM 

where cardM < 3n + 1, ~ flz = n. 
z E M  

The rest of the proof will rely on an iteration procedure. The basic step is 
contained in the following lemma. 

L e m m a 2 . 2 .  L e t  k > 4. Consider a set M C R3 with cardM < 2 k and f o r z E M  a 
number flz >- 0 with ~ /~z ~_ 2 k. Then there is a set M I C M with cardM l _~ 2 k-1 

zEM 
a n d f o r z E M  l anumber ' I z>_O,suchthat  ~ ~/z = ~ /3z a n d f o r u E R , j ~ _ 3  

zEM I zEM 

(2.3) E ~zl ( -~ ,z i] (u)  <- Z 7z l ( -~ ,z j]  (u) + 7. 
z E M  z E M  ~ 
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0 Proof. Set f j(u) = ~ ~zl(_~,zj](u ). For j < 3, define uj = oc, and by induction 
z E M  

define 
uk+l = sup{u < k .  j uj , f j(u) >_ f j (u  ) + 7}. 

k ( j )  for which Since f j  (U k + l )  _~ f j  (u~)+7, this construction stops at a last point "(tj 

7k(j )<f j (uk(J))< ~ f z < 2  k. Thus we have, since k > 4  
z E M  

3 . 2  k 
1 + Z k ( j  ) < 1 +  - 7  < 2 k-1. 

j_<3 

Using Caratheodory theorem, we find M'  C M with cardM' _< 1 + ~ k(j) <_ 2 k- l ,  
j_<3 

and for z E M '  a number ~/z_>0, with ~ 7z = ~ /3z such that for j<3 ,k<_k( j )  
z E M  I z E M  

we have 

z E M  ~ 

Inequality (2.3) then follows by the argument used to prove (2.2). I 

We now finish the proof of Proposition 2.1. Denote by q the smallest integer such 
that 3n+  1 _< 2q. Using (2.2) and Lemma 2.2, we see by decreasing induction over k 
that for k >_ 4, there exists sets M k C M, with cardM k < 2 k, for z E M k numbers 0 < 
flz k < 1, and for z E M nonnegative integers mz k such that for j _< 3, u E II( 

(2.4) 

and 

(2.5) 

n#j([u, o c ) ) < 2 + 7 ( q  k ) +  Z k -- fzl(-co,zj] (u) + Z mkzI(-oo,zj] (u) 
z E M  k z E M  

n-- Z + Z 
z E M  z E M  k 

Indeed we apply Lemma 2.2 to the function ~ 13zkl(_oo,zj](u) and set ~3z k-1 = 
,' z E M k  

~z-[~zJ  for z e M k _  1 "" k-1 ! =iv1 ,m z = m  +kTzJ for z E M .  Consider now (2.4) for k= 
4. Since f4  < 1, we have 

n#j([u, oc)) < 2 + 7(q - 4) + 24 + ~ m41(_cc,z3](u) 
z E M k  

< 7q 10 + ~ 4 _ -- mzl(_oo,u](Zj). 
zEM 

Since ~ m 4 < n by (2.5), this implies the result. (The collection (zi)i<n of points 
z E M  

of S consists of the points z of M, the point z being counted with multiplicity m4.)l 
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1 The empirical measure ~ ~ 5xi,j is always at distance 2 (for the total variation 
i~_n 

norm) from A. In order to be able to apply Theorem 2, we will have to introduce an 
auxiliary measure close to A, that  suitably controls the random sequence (Xi,j)i< n. 
We recall that 7/is introduced in the statement of Theorem 1, and K 1 in the statement 
of Proposition 2.1. We can and do assume ~/~_ 1/2. Consider a parameter h ~_ 4K1- 
Set q=qn = Ln/(hlogn)J. Thus n/q>_4Kllogn. For ~_<q, set I t =  [(~- 1)/q,~/q[. 

Lemma 2.3. Consider Xl,... ,xn E [0, 1[. Assume that for 1 <~ < q, we have 

(2.6) q 1 -  7 < c a r d { i < n ;  x i E g t } <  q 1 +  7 . 

Then for n > n h (where n h depends on h only) there exists a probability measure # 
on [2/q, 1] with the following properties 

2 
(2.7) Y u , - < u < l , n p ( [ u ,  1])>_card{i<_n; x i > u } + K l l o g n  

q 
1 

(2.8) n / tdp(t) <_ E xi + Kh log n. 
d 
0 i < n  

( 2 . 9 )  I1,  - ,Xll <_ '7. 

Proof. Define the probability # as follows. For 2 < * < q, # has mass n - l c a rd { i  _< 
n ; xi E It} uniformly spread in I t and has mass k/n concentrated at 1, where k = 
card{/_~ n;  xi E 11UI2}. Consider 2/q _ u < 1, let ~ be the largest integer such that 
~/q < u. Then 

ntt([u, 1]) > k + card{/_~ n ; xi E It+l  U . . .  U In}. 

On the other hand 

card{i _< n ; xi >_ u} <_ card{i < n ; xi E It U . .. U In}. 

Thus (2.7) holds since, from (2.6) we have 

5 n  6 n  
_ �9 - -  < - - _ < k .  K l l o g n + c a r d { / < n ,  x i E I t } < _ K l l o g n + 4 q  - 4 q  

For 2 < ~ < n ,  we have 

/ t d # ( t ) < _ ~ ( g ~ ) ( ~ )  < ~(l~)q + # ( I ~ ) ( ~ )  

It 

< + n _  1 z i  q x~EI~ 

and thus 

t~<n- /Ii td#(t) <_ lq + n-  1 i<_nE xi 
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and hence 
1 

n t d t t ( t ) < ~ x i + - + k < ~ x i + K h l o g n .  
q 

0 i<_n i<n 

This proves (2.8). It is simple to see that 

l i l t -a l l_<-2 + - +  card{/ <_ n ", x i � 9  
q n ~=3 

<_ K h l o g n  
- -  + r]/2 < r] 

n 

for n large enough. This proves (2.9). | 

The following is a consequence of well known bounds on the tail of the binomial 
law. 

Lemma 2.4. Consider a sequence X 1 , . . . , X n  i.i.d uniform over [0,1]. Then the 
following event 

W<_q, nq 1 r] < _ c a r d { i < n ; X i e I t } < q _  1 +  

has probability > 1 - n 1-h/K2 . 

We now prove Theorem 1. Consider i.i.d uniform r . v .  (Xi,j)i<n,j< 3. It follows 

from Lemmas 2.3 and 2.4 that with probability > 1 - 3 n  1-h/K2, there exists three 
probability measures/~j, 1 _< j _< 3, supported by [2/q, 1], with the following properties 

2 
(2.10) Vu, - < u < 1,Vj < 3, 

q 

n#j([u, 1]) >_ ca rd{ /<  n ;  Xi,j >_ u} + K l l o g n  

(2.11) IlPj - s <- 
1 

K h l o g n  1 n 3 
(2.12) E td#j(t)  <_ a - .  - -  + - E E Xi,j .  

rt n i=1 j= l  j<_3 0 

We now show that under conditions (2.10) to (2.12), the items Xi,j  can be packed 
in bins of size a. To that aim, we first apply Theorem 2 to find a probability measure 
# on R 3 with marginals #j,  and supported by the set {z E R3;Zl-t-z2 ~-z3 _< a}. We 
observe that since #j([2/q, 1])= 1, # is actually supported by the set 

S { zE~3; zl'z2'z3>- 2 } = - ;  Z l + Z 2 + z 3 ~ a  . q 

We then apply Proposition 2.1 to find n points z l , . . . ,  znE S such that  for j _< 3, u > 
2/q, we have 

n#j([u, 1]) < ca rd{ /<  n ; zj > u} + KI logn. 
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Comparing with (2.10), we see that  for u>2/q we have 

(2.13) card{i < n ;  Xi,j >U'} ~ dird{i < n ; z~ > u}. 

Since z~ >_ 2/q, it follows that  (2.13) actually holds for all u. It follows from (2.13) 

that  there exists a permutat ion aj  of {1, . . . ,  n} such t h a t  Xay (i),j ~-@" Thus we have 

E Xaj(i),J ~- E Z} < a, 
j<3 j<3 

and hence the items Xi, j c a n  be packed in bins of size < a. Thus we have shown 

that  with probability > 1-n  1-h/K2, we have bn,3(M)<_ Khlogn/n. Since, obviously, 
bn,3(M) _< 3, Theorem 1 follows by taking h =max(4K1,3K2) .  

3. P r o o f  o f  T h e o r e m  2 

It  might not even be obvious to the reader that  there exists a probability measure 
#0 on R 3, having its three marginals equal to A, and supported by the set $3/2 = 
{(Xl,X2,xa);xl + x 2 + x 3 _  3/2}. Our first task will be the explicit construction of 
such a measure. This measure will actually play an important  r61e in the proof of 
Theorem 2. 

Consider the set 

B = Xl,X2) ; 0 < Xl, x 2 < 1 ; ~ <_ x 1 -1- x 2 < . 

Proposit ion 3.1. There exists a probability measure v 0 on B with the following 
properties 

(3.1) The two marginals of  uo are A. The image of u 0 under the map (xl,x2) 
Xl +x2  is uniform on [1/2,3/2]. 

(3.2) u0 has a density >_ 1/K3 with respect to the two dimensional Lebesgue 
measure. 

Thus if we denote by #0 the image ofu 0 under the map (Xl,X2)--+(Xl,X2,~--Xl--X2), 
k F 

it is supported by $3/2, and its 3 marginals are equal to A. 

Proof. For a measure u on B, denote by r(u) its image under the map (Xl,X2) --* 
Xl + x2. For 0 < u < 1/2, consider the boundary Ru of the rectangle of vertices 
(0, 1 - u), (u, 1), (1, u), (1 - u, 0) and the probability Vu uniformly spread on Ru. Then 
the two marginals of % equal A, while r(Tu) consists of two masses of �89 - u )  
concentrated at 1 -  u and 1 + u respectively, and a mass u uniformly spread on the 

1/2 
interval l - u ,  l+u .  Set h(u) = ( l - u )  -2,  so that  f h(u)du = 1. Consider the following 

0 
mixture of the probabilities ~/u: 

1/2 

= / h(u)'yudu. 12 0 
o 
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is uniform on [1/2,3/2]. 
have 

t 1/2 

1i, - �9 u" h(u)du. r(v0)([1, 1 + t]) = h(u)du + -~ u 

0 t 
Elementary computations show that  this is t. This finishes the proof. 

Obviously its two marginals are equal to A, and (3.2) holds. (The density of v 0 could 
easily be computed, but its actual value is irrelevant for our purposes). It remains 
only to show that 

1/2 

r(vo) = / h(u)r(~u)du 
1 .  

o 
Obviously r(vo) is symmetric around 1. For 0 < t < 1/2 we 

| 

Our proof of Theorem 2 will be non-constructive. It uses the following criteria, 
due to V. Strassen. (The proof of this criteria relies on the Hahn-Banach theorem). 

Proposition 3.2. [4] Consider three probability measures #j, j = 1,2, 3 on [0,1], and 
a closed set S C [0,1] 3. The following are equivalent 

(1) There exists a probability measure #, supported by S, of margina/s # j , j  = 
1,2,3. 

(2) Given continuous functions Oj, j = 1,2, 3 on [0,1] that satisfy 

(3.3) (x l , x2 ,x3)  E S ~ ~ j ( x j )  _< 1 
j_<3 

1 
then ~ f ~jd#j  <_ 1. 

j_<30 

While Proposition 3.2 is easy to prove, the criteria it provides is by no means 
easy to use, the difficulty being to understand which triplets of functions satisfy 
(3.3). The main step toward this, in the case S =  Sa, is the forthcoming Proposition 

3.3. We denote by J the interval ] - ] ~ , ~ ] .  The choice of 1/10 there is done for 
P 

I .  J 

convenience and has no special meaning. 

Proposition 3.3. Consider two functions f l ,  f2 from J to ~. For x e J + J = 
[-2/10, 22/10], set 

g(x )  = s u p { y l ( x i )  + ; e J, xl  + x 2  = x} .  

Let ~= f (g(xl + x 2 ) -  f l ( X l ) -  f2(x2))dxldx2.  Then we can lind functions f~,f~ from 
B 

J to ]R and real numbers a l ,a2 ,a  with the following properties 

(3.4) f~ >- fi for i -- 1, 2 

(3.5) For x E , ~-~ = ~ - J, Xl, x2 E J, Xl + x2 = x, 

we have g(x) >_ f~(Xl) + f~(x2) 

(3.6) For i = 1, 2, and x �9 J, we have ff~(x) - (a i + ax)[ <_ K4r 
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The proof of that  result, while purely elementary, is somewhat lengthy and 
uninspiring. Thus, in order not to discourage the reader, we postpone this proof to 
section 4, and we turn toward the nicest part of the proof of Theorem 2, that is the 
deduction of that theorem from Proposition 3.3. 

For simplicity, we will say that a triple of functions (fj)j<3 from J to ]R is 
admissible if it satisfies the following condition: 

fj(xj) < 1 whenever Xl,X2,X3 E J, ~ xj = 3/2. 
j<_3 j<3 

We say that an admissible triple (fj)j<3 is maximal if whenever we have an admissible 
triple (f~)j_<3 such that f~ >f j  for j < 3 ,  then f j = f j  for j < 3 .  

The following is a crucial consequence of Proposition 3.3. 

Proposition 3.4. Consider a maximal admissible triple of functions (fj)j<3 from J 
to ~. Let e= l -  y~ f fjdA. Then there exists (aj)j<_3 and a such that, for j < 3  and 

j<3 
x E J we have 

l / j ( x )  - (a j  + ~x)t  ___ Kh~. 

Proof. For xE [-2/10,22/10],  we define 

g(x) = sup{fl(Xl) + f2(x2) ; x l ,x2  E J, xl + x2 = x}. 

triplet (fj)j<_3 is admissible, we have g ( ~ - x )  + f3(x)_< 1 whenever x Since the E 

3/2 
J. It follows that f g(x)dx < 1 - f f3d;~. We now recall the measure ~0 constructed 

I/2 
earlier. We have 

i (g(xl + x2) - f l (Xl)  - f2(x2))dzJo(xl, x2) 

B 
3/2 

= f g(x)dx- f fld:'- f f2d.~ <-l-j~<af fjd~=~. 
1/2 

From (3.2) it follows that 

S(g (x l  x2) - f l (Xl)  - f2(x2))dxldx2 <_ K3e. + 

B 

From Proposition 3.3 we find f~ > fi for i = 1,2 and al,a2,c~ that satisfy (3.5) and 
(3.6) (with e replaced by Kae). 

Given Xl, x2, xa E 3, Xl +x2+x3 = 3/2, we have 3 / 2 - x 3  C 3 / 2 - J ,  so that,  by (3.5) 

f~(xl) + f~(2) -< g - x3 ___ 1 /a (x3) .  
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This  shows tha t  the triple ~ ( f l , f~, f3)  is admissible. Since we supposed tha t  (fj)j<3 
is maximal ,  we must  have f f = f i ,  i= 1,2. Thus  from (3.6) follows tha t  

I l l (X)-  (ai + ax)] < K3K4r for x E J,i = 1,2. 

I ! (3/  We can apply  the same a rgument  to the couple f l , f 3  to find a l , a3 ,  such tha t  
I f i ( x ) -  (a~ + a'x)l < K3K4~ for i =  1,3. Taking i =  1,x = 0 shows tha t  l a i -  a t ] <  
2K3K46. Taking x = 1 then  shows tha t  ( ~ -  a I < 3 K 3 K  4. Set t ing a 3 = a~, it then  
follows tha t  I f j  (x) - (aj + ax) l  ~_ 6K3K4c  for j < 3, x E J .  l 

We now prove two simple lemmas.  

L e m m a  3.5. Consider three bounded functions Oj,j < 3 from [0,1] to R and a number 
b> O. Assume that 

Xl,X2,X3 E [ 0 , 1 ] , Z x j  < b ~ ~ ~)j(xj) <_ 1. 
j<_3 j<_3 

Then we can find three functions gj from • to ~ such that gj (x) = Oj (x) for x E [0, 1], 
and ~ gj(xj) < 1 whenever ~ xj < b. 

j<_3 j<3 

/ 
Proof .  Define A = m a x  10, ~ sup{~gj(x):xE[O,1]} I .  We define gj (x)=Oj(x) i f  x E  

\ j<3 ] 
[0,1]. We define gj(x)=~)j(1) if x >  1. We define gj (x )=~j (O) -A  if x < 0 .  Consider 
now Xl,X2,X 3 such tha t  ~ xj~_b. We want  to show tha t  ~ g j (x j ) (1 .  Clearly we 

j < 3  j < 3  
can assume tha t  xj < 1 for j < 3. The  result  is obvious if xj > 0 for j ~_ 3. But  if xj < 
0 for some j < 3, we actual ly  have 

~-~gj(xj) < ~--~ sup{0 j (x )  ; x E [0, 1]} - A _< 0. 
j<3 j<3 

L e m m a  3.6. Consider an admissible triple (hj)j<_3 of functions from J to 1~. Then 
there exists an admissible triple ( f  j)j<_3, f j ~-hj for j ~ 3, that is maximal. 

Proof .  Define, for x E J 

f l ( x )  = inf{1 - h2(x2) - h3(x3) ; x2,x3 E J, x + x2 + x3 = 3/2}. 

Obviously the triple (fl,h2,h3) is admissible, and f l  -~ hi since (hj)j<3 is admissible. 
Also, if an admissible triple (f;)j<3_ satisfies fj~ ~ hj for j < 3, then  f~ _< f l -  Thus  if 

f [  -> f l  we must  have f [  = f l .  Thus  we have replaced the admissible triple by one 
where the first function is maximal .  We proceed in the same way for the second, and 
then the third function. I 

We now come to the crucial point.  In view of Proposi t ion 3.2, Theorem 2 follows 
from the next  result. 
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Propos i t ion  3.7. There exists ~ > 0 with the following property. Suppose tha t  we 
are given three probability measures (#j)j_<3 such that ]]Pj - All _< ~ , j  _< 3. Let b = 

f xd#j(x). Consider three continuous functions ~)i from [0,1] to ~ such that 
j<3 

(3.7) Xl,X2,X 3 C [ 0 , 1 ] , E x  j = b ~ E ~)j(xj) < 1. 
j~3 j~3 

Then ~ f Ojdpj <_ 1. 
j<_3 

Proof .  We first use Lemma 3.5 to  construct  functions (gj)j<_3 on ~ such tha t  gj(x)= 
0j(x) for ~c  [0,1] and 

(3.8) ~ xj = b ~ Z a(xJ ) -- 1. 
j<3 j~3 

Define a by b = 3/2 + 3a. Since~lb - 3/21 <_ 377, we have lal _< 71. We surely can 
assume 7?< 1/20, so tha t  lal < 1/20. 

Consider the function hj  from J to  ]~ given by hj(x)=gj(x+a). It  follows from 
(3.8) tha t  the triple (hj)j<__ 3 is admissible. Using Lemma 3.6, we can find a maximal  
admissible triple (fj)j>_3, with fj >_hi. 

We set e = 1 - ~ f f jdh .  According to Proposi t ion 3.4, we can find numbers  
j_<3 

(aj)j<_3 and a such tha t  for x E  J ,  

(3.9) tfj(x) - (aj + ~x) I <_ K 5 a  

Set ~j (x )=f j (x -a) .  For xe [0 ,1 ] ,  we have x - a e g ,  so 

~j(x) = f j ( x -  a) >_ h j ( x -  a) = gj(x) = Oj(x). 

Moreover, if ha denotes the uniform probabil i ty on [a, l+a],  we have f fjdh = f(jdha. 
Also, from (3.9), we see (since [a[ _< 1/20) tha t  for xE  [ -1 /20 ,21 /20]  we have 

(3.10) [~j(x) - (bj + c~x)l ~ K5~, 

where bj -- aj - aa. We have 

(3.11) / ~ j d # j < _ _ / ~ j d # j =  f ~ j d ) % + / ~ j d ~ j = / f j d A 4 - / ~ j d v j ,  

where vj is the (signed) measure # j - h l a -  From (3.10) we see that  

s i n c e  II~j - h~ll  ___ II~j - ~ll  + lib - h~l l  ___ ~ +  2 a  <_ 3 v .  N o w  

/(bj +ax)duy(x)= f (bj +ax)d.y(z)-/(bj +ax)dA~(x) 



344 WANSOO T. RHEE, MICHEL TALAGRAND 

Thus 

/ ~jd#j < / fjd~ + (~ ( /  xdl~j(x) - (~ + a) ) + 3K5~. 

We remember that =;/.,.,Ixl. 
Thus, if we assume ~ < 1/9K5, we have, by definition of 

This completes the proof. 

4. P r o o f  o f  P r o p o s i t i o n  3.3 

Before we start the proof, we explain the ideas underlying the approach. Con- 
sider the two sets 

A- -  { (x ,y ) ;  x E J,y <_ fl(X)} 

B = {(z,y)  ; - x  E J,y > - f 2 ( - x ) } .  
For 0 < a < 2, we denote by Ba the translation of B to the right by a length a. 
Consider the smallest value t(a) such that if one translates upwards the interior of 
Ba by t(a), this interior does not meet the interior of A. It is a simple matter  to see 
that  t(a)=g(a). Denote by Ca the translation upwards of Ba by t(a)=g(a). 

Consider the region 

R(a) = {(x, y) ; x e [0, 1], a - x e [0, 1],/l(X) <_ y <_ g(a) - f2(a - x)}, 

and for x 1 , X 2 E J,  set 

h(xl,x2) = g(xl + z2) - / l ( X l )  - f2(x2). 

By hypothesis, we have e = fh(x,y)dxdy. It is a simple matter  to see that this 
B 

means that the average value of the area of R(a), for a e  [1/2,3/2] is e. This means 
that the upper boundaries of A and the lower boundary of Ca have approximately 
matching shapes for most values of a. A typical situation where this occurs is when 
fl(x)=al+aX-rl(X),f2=al+aX-~'2(x), where r l , r2  >_0, and frl(x)dx, fr2(x)dx 

J J 
are small (and the proof will show that this special situation is actually the general 
case). There is a small proportions of points x for which TI(X) is much larger than 
its average. These points are not going to provide any information about the v a l u e  
of al or a, and the first task is to identify these points. This is done by observing 
that, for such a point, the average value of g(a)-fl ( x ) - f 2  (a-x) over a is abnormally 
large. More precisely, for x e [0,1], let Bx = {y e [0,1]; (z, y) �9 B}. Set 

h(z) = / h(x, y)dy. 
Bx 
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By Fubini Theorem, we have 

1 

c = / h ( x , y )dxdy  = / h(x)dx.  

B 0 

Let U = {x E [0,1], h(x)  <_ 50~}. Thus A(U) _> 49/50. We can think to the points of V 
as typical points. 

Lemma 4.1. Consider 0 < b ~ 1/8 and a E U such that a + b E U, and consider the 
affine function ~ on R such that ~ (a)= f l ( a ) , ~ ( a + b ) =  f l ( a + b ) .  Then, whenever 
a + c E  J and [c[ _<1/8, we have 

f l ( a  + c) <_ ~(a + c) + K e  ( l  + ~ )  . 

Comments.  This will be used for [c[ of order b. This means that  the graph of f l  
cannot make a "spike" above the graph of ~. The reason is that,  since R(a) is of 
small area for most values of a, such a spike must correspond for many values of a, 
to a "dent" in the boundary of Ca; but when a varies, these dents will combine to 
create a large hole in the boundary of B, and this large hold will prevent a close 
contact between the boundary of A and that  of Ca. The quantification of this simple 
idea is unfortunately very uninspiring. 
Proof. By definition of h, for Xl, x2 E J we have 

f2(x2) = g(xl  + x2) - / l ( X l )  - h(Xl, x2). 

Taking Xl --- a, x2 = y - a, we have, for y - a E J 

(4.1) f2(Y - a) = g(y) - f l ( a )  - h(a ,y  - a). 

Replacing a by a+b,  we have, for y - a - b E  J that  

(4.2) f 2 ( Y -  a -  b) = g(y) - f l ( a  + b) - h(a + b , y -  a -  b). 

Replacing a by a + c, we have, for y - a -  c E J that  

] 2 ( Y -  a -  c) = g(y) - f l ( a +  c) - h ( a +  c , y -  a -  c) 

and hence 

(4.3) f2(Y - a - c) <_ g(y) - f l ( a  + c). 

We set 5 = f l ( a + c ) - ~ ( a + c ) .  (This is the quantity that  we want to bound.) 
The function ~ is affine, thus of the type ~( t )=  a t + ~ .  Thus ~ ( a - y ) =  ~ ( a ) - a y  = 

f l  (a) - ay.  We set, for y - a E J:  

f (Y)  = f2(Y -- a) + ~(a--  y) ---- f2(Y--  a) + f l ( a )  -- t~y. 

We set f ( y ) = g ( y ) - a y ,  h l ( y ) = h ( a , y - a ) .  From (4.1) we see that,  for y - a E J ,  we 
have 

(4.4) f ( y )  = g'(y) - hl (y  ). 
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For y - a -  b E J ,  we set h2(y) = h(a + b, y - a - b). ~ o m  (4.2) we see tha t  for 
y - a - b E  J, we have, since f l ( a ) + c & = ~ ( a + b ) =  f l (a+b) ,  

(4.5) f ( y  - b) = g~(y) - h2(y). 

Since ~ ( a + c - y ) = - c ~ y + ~ ( a + c )  = - a y + f l ( a + c ) - 5 ,  we see from (4.3) tha t  for 
y - a - c E J ,  we have 

(4.6) f ( y  - c). <_ g'(y) - 5. 

To unders tand  the  point  of (4.4) to (4.6), the reader  could t ry  first the case hi  = 
h2 = 0. In tha t  case, f ( y -  b) = f ( y )  and f ( y -  c) <_ f (y )  - 5 for. m a n y  values of y, 
which would imply  5 _< 0. I t  is unfor tuna te ly  not t rue  tha t  hi  and h2 are zero; but  
these functions have a small integral: Since a E U, a + b E U we have 

(4.7) 50s >_ i h(a,x)dx  = i h l (y)dy  

Ba a+Ba 

(4.8) 50~ >_ [ h(a + b,x)dx = f h2(y)dy 
i 

J J 
Ba+b a~b+Ba+b 

Since Ba = [max(0 ,1 /2  - a), m i n ( 1 , 3 / 2 ,  a)] ,  for 0 < b < 1/2 and  a + b < 1 it is 
simple to see tha t  Baf3(b+Ba+b) is an interval of length _> 1/2. Since we assume 0 < 
b_< 1/8, Icl < 1/8 there exists an i n t e r v a l / o f  length >_ 1/4 such tha t  for t E I ,  we ha~e 

t , t  + b , t - c , t  + b - c  E (a + Ba) Ma + b +  Ba+b C a + J. 

From (4.6), (4.4), we see tha t  for y , y - c E a + J  we have 

5 < g'(y) - f ( y -  c) = f ( y )  + hl (y)  - f ( y -  c). 

The  details of the following calculat ion differ depending on the  sign of c. For 
definiteness, we assume c _> 0. We have, for t E I ,  

t+b t+b 

S S c) + 
t t 

t+b t + b - c  t+b 

t t - c  t 

t+b t t+b 

t + b - c  t - c  t 

t+b t+b 

- -  f f hl(y)d  
t + b - c  t 
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Prom (4.4), (4.5), we have 

f(y) = g'(y) - hl(y)  = f (y  -- b) + h2(y) - hl(y)  

<_ f ( y -  b) + h2(y) 

and thus 
t+b t+b 

5b 

t+b-c t 

We integrate this inequality for tEI .  Since I has length > 1/4, we get 

(4.9) 5b 

tEI ye[t+b-c,t+b] tel yE[t,t+b] 

We observe that for t E I, we have [t,t+b] C a+Ba. Using Fubini Theorem yields 

/ / h l (y)dtdy~b / hl(y)dy<_50,b. 

t e l  yC [t,t+b] a+Ba 

A similar treatment of the first term of (4.9) yields 

5b 
- -  < 50E(c + b), i.e. ~ < 200r + c/b). 
4 - 

| 

The technical restriction Icl <: 1/8 in Lemma 4.1 prevents this lemma to provide 
global information on the behavior of f on J, although it does give information on 
large subintervals. The purpose of the next lemma is to patch these informations 
together, to obtain information on the whole of J. 

Lemma 4.2. We can find al, a l  with the following properties. 
(4.10) For xE J, f l(x) <_al + a l x + K e  
(4.11) For xeU,  f l(x)>_al+alx.  

Proof. For i = 1, . . . ,  21, the interval [(2i - 2)/41, ( 2 i -  1)/41] is of length 1/41. Since 
A(U) _> 49/50, we can find ui E U in this interval. We observe that 1/41 _< ui+ 1 - u  i <_ 
3/41 < 1/8. 

For i = 1, . . . ,  20, we consider the equation b i +~i x of the line through (ui, fl(ui)) 
and ( U i + l ,  f l (U i+l ) ) .  Consider now x E J, Ix-Ui[  ~ 1 / 8 .  It follows from Lemma 4.1, 
used with a=ui ,a+b=ui+l ,a+c=x  that 

(4.12) f l (x )  _~ bi + Jix + K~. 

Fix 1 < i < 19, and let ~(x)= b+/~x be the equation of the line through (ui,fI (ui)) 
and (ui+2, fl(ui+2)). Observe that ui+2- ui ~_ 5/41 _< 1/8. Using Lemma 4.1 with 
a=ui,a+b=ui+2,a+c=ui+ 1 yields 

f l ( U i + l )  < ~ ( u i + l )  + K~ .  
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I i ( u i + l )  = Yl (ui) + ;3i( i+1 - 
= f l ( U i )  + ; 3 ( U i + 1  -- Ui) + (;3i -- ;3 ) (Ui+l  -- Ui) 

= r + (;3i -- ;3)(Ui+l - ui) ~-- ~(Ui+l) + K s .  

Since U i + l -  ui >_ 1/41, we see tha t  ;3i- ;3-< K s .  Using (4.12) for x=u i+2 ,  we have 

~(ui+2) = f l (u i+2)  <_ bi + ;3iui+2 + Ks .  

Since ~ (u i) = f l  (ui) = bi + ;3iui, we get 

; 3 ( U i + 2  - -  Ui) ~- ~ ( U i + 2 )  - -  ~(Ui)  ~__ ;3i(Ui+2 -- Ui)  + g ~  

and hence ;3-;3i -< K s .  This  shows tha t  I;3i-;31 -< K s .  A similar a rgument  shows tha t  
I;3-;3i+11 < K e ,  and thus I;3i-;3i+11 <_Ks. Thus  we see tha t  I;3i-;3101 < K e  for i < 2 0 .  

We observe tha t  

bi + ;3iUi+l = f ( u i+ l )  = bi+ 1 + ;3i+lUi+l 

so tha t  Ibi+l - bil <_ I;3i+1 - ;3il -< Ke .  Thus  Ibi - bl01 _< K s  for i < 20. 
Given x E  J ,  we can find i such t ha t  I x - u i l  ~ I / 8  (here we use tha t  1 / 1 0 + 1 / 4 1  < 

1/8). From (4.12) we have 

f l ( x )  < bi + ;3ix + K s  

so tha t  fl(X)_< bl0 + ; 3 1 0 x + K e .  In order to prove (4.10), (4.11), it is thus enough 
to show tha t  f l  (x) _> bl0 + ;310x - K s  for x E U (we then  set a l  = bl0 - K s ,  ~1 = ;310). 
Suppose first t ha t  u i < x <_ ui+ 1 for some 1 < i < 20. Then  if b' + ;3'x denotes  the 
equat ion of the line through (ui, f l  (ui)) and (x, f l  (x)),  we can use L e m m a  4.2 to see 
tha t  

f l (Ui+l)  ~_ b I + ;3tui+ 1 + K s  

= f l ( u i )  + ;3'(ui+ 1 - ui) + g e  

= fl( i+l) + (;3' - ;3i)(Ui+l - ui) + Ks .  

It  follows tha t  ;3' _> ;3i - Ke .  Thus  

f l ( x )  = f l ( u i )  + ;3'(x - ui) >_ f l ( u i )  + ;3i(x - ui) - K s  
= bi + ;3ix - K e  >_ blo + ;310x - K s .  

We now consider the case x <_ Ul (the case x > u2 is similar and is left to the reader).  
We recall t ha t  

(4.13) f l (U l )  -- bl + ;31Ul _> bl0 + ;310Ul - K s .  

The  values of b10,;310 do not depend on the choice of Ul; so (4.13) still hold when Ul 
is replaced by x. This  finishes the proof. | 

L e m m a  4.3. We can find a, al ,a2 with the following properties 

(4.14) 
(4 .15)  

F o r x E  J , i =  l ,2 ,  f i ( x )  <_ai + ~ x  + K e  

F o r x E U ,  i = 1 , 2 ,  f i ( x ) > a i + a x .  
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Proof .  Lemma 4.2 says tha t  we can achieve this where a is replaced by a number  a i  
depending on i. It clearly then suffices to show tha t  I(~1 -~2] -<  Kr There  is no loss 
of generali ty to assume a l  _> a2. 

Consider Xl E [0, 1/4],x2 E [3/4, 1]. We have 

(4.16) f l ( x l )  + f2(x2) <__ al  + alXl  + K~ + a 2 + c~2x 2 + Ke  

-- al + a2 + ( a l  - a2)Xl + a2(xl + x2) + 2Kr 
1 

<_ al  + a2 + ~ ( a l  - a2) + a2(x l  + x2) + 2Kr 

We note  tha t  txl + x 2  - 1] <_ 1/4. Since A([0,1]\U) _< 1/50, it is clear tha t  we can find 
x E U ,  x >  1/2, such tha t  x l + x 2 - x E U .  We then have 

(4.17) g(x l  + x2) _> fl(x) + f 2 ( x l  + x2 - x)  

_> a 1 q-a  2 + a l x + a 2 ( x  l + x  2 - x )  

---- a 1 Jr a 2 q- a2(x  1 q- x2) q- (a  1 -- a2)x  
1 

_~ al  -t- a2 + a2(Zl  -t- x2) + ~ ( a l  -- a2).  

From (4.16) and (4.17) follows tha t  

1 
h(x l , x2)  = g(xl  + x 2 ) -  f l (Xl )  - f2(x2) >_ ~ ( a l  - a2) - 2Kr 

If we integrate this inequality over Xl E [0, 1/4], x2 E [3/4, 1], we get a l  -- a2 <_ Kr l 

We are now ready to prove Proposi t ion 3.3. Consider a i , a , K  as in (4.14), (4.15). 
Set, for i = 1 , 2 ,  

f~(x) --- Max(f / (x ) ,  ai + o~x - Ke).  

Thus [ f ~ ( x ) -  (ai + ax)l <_ Ke.  Thus it suffices to show tha t  for Xl,X2 E J, Xl + X2 E 

[1-~, ~-(~], we have f{ (x l )  + f~ (x2 )<_g(x l  + x2). This holds if f ~ ( x l ) - -  f i ( x l )  and 

f~(x2)=f2(x2) .  Otherwise f~(x i )+f~(x2)<_al+a2+a(Xl+X2) .  Clearly there exists 
Yl E U, y2 E U such tha t  Yl +Y2 =Xl +x2. Thus 

g(Xl +x2)  = g(Yi +Y2) > 11 (Yl) +12(Y2) -> al  + a y l  +a2  +o~y2 = al  +a2  + a ( x i  +x2) .  

Proposi t ion 3.3 is proved. 
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