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Consider three colors 1,2,3, and for j < 3, consider n items (X j);<pn of color j. We want
to pack these items in n bins of equal capacity (the bin size is not fixed, and is to be determined
once all the objects are known), subject to the condition that each bin must contain exactly one
item of each color, and that the total item sizes attributed to any given bin does not exceed the bin
capacity. Consider the stochastic model where the random variables (X ;);<n j<3 are independent

uniformly distributed over [0,1]. We show that there is a polynomial-time algorithm that produces
a packing which has a wasted space < K'logn with overwhelming probability.

1. Introduction

Consider m possible colors 1,...,m, and for j <m, consider n items (z; ;);<n- Let
M be the matrix (z; j)i<n,j<m. What is the minimum bin size a=an,m (M) needed
to pack all the items, when the items are packed in n bins, subject to the restriction
that each bin contains exactly one item of each color, and that the sum of the item
sizes attributed to each bin does not exceed a? An equivalent reformulation of the
problem is as follows. Consider a matrix M = (z; j)j<n j<m of positive numbers.
Denote by ¥, the set of permutations of {1,...,n}. Consider the problem of finding

an,m(M) = min Iln<a7¥ Z Toi(i)j 3 Tl > 0m € Xy
Jj&m

In words, we try to minimize the maximum row sum when we are permitted to
permute elements within each column. Under this formulation, the problem has
been studied under the name “assembly line crew scheduling” in {1], where it is
pointed out that it is N P-complete, and where approximation algorithms are given.
The present paper is concerned with the probabilistic analysis of this problem. In
our model the item sizes are independent random variables (X; ;)i<n j<m, uniformly
distributed over [0,1]. The authors have, in the past, attempted to study stochastic
bin packing models under the much less restrictive assumption that the item sizes
are distributed according to a given distribution g, on which no special assumption
is made. It is most likely that such an analysis, along the lines of [3], could be made
in the present situation. The point of focusing on the uniform distribution is that,
in that case, some subtle phenomenon occur that do not occur in the general case.

AMS subject classification code (1991): 60 D 05, 90 C 27
* Work partially supported by an N.S.F. grant.
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Since we have to pack items of total size ) X;; in n bins, one of these bins

i<n
j<m
must contain items of total size >n~1 I X; ;. Thus apm(M) >l X Itis
< 1<
1'15::1 jzg:l

natural to introduce the quantity

1
bnm(M) = anm(M) - =Y X

that represents the average wasted (= empty) space in each bin in an optimal packing.
The following question seems to be of unexpected difficulty.

Problem. Of which order is the expectation of by, (M)?

The nature of the problem depends on the respective values of m,n. We are
interested here in the case where m is fixed, n— oo.

Let us first consider the case m=2. In that case, the reader will check that the
best we can do is to match the k-th largest item of the first column with the k-th
smallest item of the second one. It is then routine to check that this implies that
Eby, 2(M) is of order n~1/2,

Things become much harder for m > 3. We conjecture that for given m, for n
large, Eby m(M) is of order n~"™) for some sequence h(m)— oo (h(m)=(m-1)/27).
In this paper we prove the following,.

Theorem 1. For some constant K, we have

< Klogn.

Ebn,3(M)

n

The point of this Theorem is that this bound is one order of magnitude smaller
than the typical size n~1/2 of the “random fluctuations”. Our proof will show that
a packing witnessing the inequality of Theorem 1 can be found in polynomial time.
Minor modifications in our proof also show that Eb, m(M) < Klogn/n for m > n;
but in view of the conjecture above, the case m =3 is the most interesting. We do
not know what is the actual order of Eb, 3(M). It is however possible to show that
Ebp, m (M) is of order at least n~™%1 for m fixed, n— oo (which, as the reader might
have observed, is not sharp for m =2). We will not present the proof of this crude
bound here. The main idea is that if we set

1
h(ey=P Iznsa';( . X'i,j . Z Xi,j <e
Jj<m isn
j<m
then Ebp m(M)>e/2 whenever (cardZn)™ h(¢) <1/2. (One then estimates h(c).)
We now explain the main idea of our approach. One reformulation of the problem
is as follows. We have to find a small value of @ for which there is a solution to the
following integer programming program. Find, for 71,42,43 <n, numbers a;, ;, ;, that
satisfy

(1.1) G g3 =001 1
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(1.2) Qirgis FO> X1+ Xpp2+Xiy3<a
(13) Za"il,ig,i;; =1,

where the summation is taken over any two indices, the third one being fixed. We
will first study the linear programming problem where condition (1.1) is relaxed
into a;; 4, i; 2 0. The main part of our proof is to show that when a is taken
of order n”! 0 3 X;;+ Klogn/n, (where K is a universa! constant) then with
i<nj<3

overwhelming probability the relaxed linear programming problem is feasible. We
then show how to go from a solution to the relaxed problem to a solution of the
original problem, by allowing a slight increase in a. A polynomial algorithm that
actually finds a packing for which the average wasted space is < Kn~llogn can
be found by solving the linear programming problem above and then following the
explicit constructions described in section 2. It must be pointed out that the hardest
arguments of the paper (sections 3 and 4) are irrelevant for the construction of
this algorithm, and are only required to prove that the algorithm succeeds with
overwhelming probability.

Here, as in the sequel, K denotes a universal constant, not necessarily the same
at each occurrence. When we need to keep track of the constants involved, we denote
them by K1, Ko,....

For reasons that should become apparent later, it is more fruitful not to adopt
the point of view of linear programming, but of a “continuous” version of it. Another
way to look at the linear programming problem presented above is a follows: find a
probability measure u supported by the set

Sa = { (z1,72,23) € R®; ij <a
j<3
such that for j < 3, the j-th marginal u; of u is equal to n1 > 5Xij’ where 6,
i<n
denotes the unit mass concentrated at z. Not much seems to be known about
measures with given marginals. Not surprisingly, the main step in the proof of
Theorem 1 will be a theorem (that seems to be of independent interest) about
measures on [0,1]3 with given marginals.
We recall that for a signed measure i, we define its total variation norm by

ol = p{] [ sau

Throughout the paper, A denotes the uniform probability on [0,1].

; f continuous, |f| < 1} .

Theorem 2. There exists a number >0 with the following property. Consider for
1
j <3 a probability measure u1;, on [0,1] such that |lu;— || <n. Let a= ) [zdu;(z).
s J<30
Set

Sa = { (z1,22,73) € R®; sz <a
Jj<3
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Then there is a probability measure u supported by S, that has the measures u; as
marginals.

To urderstand this result, one should observe that, whenever u has measures p;

as marginals, then
1 .
/ x;dp;(x;)
0

Thus, if one requests that »_ z;<a p a.e., then we will actually have z1 429+ z3=
7<3

a p a.e. (and it can’t be required that y be supported by S, for a’ <a). Another

important observation is that Theorem -2 -wotld not hold in dlmens1on 2. (This is

closely connected to the specific behavmr mentroned earlier in the case m=2). To

/(331 + x9 + z3)du(z1, T2, T3)

IA

3<3

see it, it suffices to choose pj,u2 such that for-j=1,2, we have f zdp;(z)=1/2 but
15(]1/2,1])>1/2. Thus, if 4 has p1, g as marginals, we have
p(]1/2,1] x [0,1]) > 1/2;  p([0,1]x]1/2,1]) > 1/2

and hence
p(11/2,1]x]1/2,1}) > 0
so that u cannot be supported by the set {(z1,2z9); z1 +z2 <1}

2. Proof of Theerem 1

Our first result is basic to our approach. It will allow to use measures with given
marginals to construct actual matchings. In the sequel, we assume n > 2.

Proposition 2.1. There exists a umversal constant K1 with the followmg property:
Consider a probability measure y on R3, and its marginals pj,j=1,2,3. Assume

that for some closed set S CR3 we have u(S Y=1. Given n>2, we can find for i<n
points (z )]<3 in S such that

Vj < 3,Vt € R,np;([t,00)) < card{i <n; zj- >t} + Kilogn.

Comment. The important fact is that z* € S. Proposition 2.1 will later be applied

when S is of the type {z; 21+ 22+ 23 <a}. In that case ) z; <a for all i<n.
j<3

Proof. The proof is very similar to that of [2], Theorem 2. It relies on the following
fact, called Caratheodory Theorem: if a point in R™ is in the convex hull of a set, it
can be expressed as a convex combination of at most m+1 points of that set.

For j <3, we set ug =00, and we define by induction

uk+1

S+ = sup{u < uf 5 np;(fu, 00)) 2 nj([uf, 00)) + 1}
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We observe that
np([ub !, 00)) > npy (| §,oo>>+1.

%) and k(j) <

Thus the construction stops at a last
For each u€R, each j <3, we have

;i ([u, 00)) =/1[u,oo)(2j)du(21,22723).
S
The integrals of finitely many functions can simultaneously by approximated by
finite sums. Thus we can find a finite set LC S, and for z€ L a number «, >0, such

that Y a,=n, and that for j <3,1<k<k(j),
z€L

J

n,uj([u?,oo)) <14 z azl[u’?,oo)(zj>
z€L !
=1+ Z azl(_ooxj](uf).
zeL
We have k(1)+k(2)+k(3) <3n points ué?‘ From Caratheodory Theorem, we see that

there is a subset M C L with cardM < 3n+1 and for z € M numbers 3,,53; > 0,
Y B:= ¥ a,=n such that for <3,k <k(j) we have

2eM 2€L
k
Z ﬂzl(—wvzj](u§) = Z azl(_wizj](uj)
z2eM z€EL
and thus,
npj([uf,00)) S 14+ D Bol (Lo s, (uf).
2€M
F k+1 k(])'H ces
or 0<k<k(j) and u;m <u< u (setting u; oc) we have by definition of
k+1

that nu;([y, oo])<'np,J([ 00)}+1. Smce L oo,z] (u)>1(_ooz (u ), it follows
that for §<3,ueR, we have

(22) TL/J,]'([’U., OO)) <2+ Z /821(—00,2]'](“)7

ZEM

where cardM <3n+1, . B,=n.
zeEM
The rest of the proof will rely on an iteration procedure. The basic step is
contained in the following lemma.

Lemma 2.2. Let k > 4. Consider a set M C R® with cardM < 2% and for z€ M a
number f, >0 with 3" B, <2%. Then there is a set M' C M with cardM’ < 2k-1
zEM
and for z€ M’ a number vy, >0, such that Y. v.= Y. B3, and forueR,j<3
zeM'’ zEM

(2.3) Z IBZ (—o0 z,] Z Y2l(—c0 2] (u) +7.

zEM zeM'
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Proof. Set f;(u)= Z Bzl(—eo z]]( u). For j <3, define u? = 00, and by induction

define

Since f;(u k+1) > fi(u k 7)+7, this construction stops at a last point uf(j ) for which
Tk(F) < f5(u; ]))< z B <2k Thus we have, since k>4
eM

2k
1+Zk < 2k-1
j<3

Using Caratheodory theorem, we find M’ € M with cardM’ <1+ 5 k(j) < 281,
J<3
and for z€ M’ a number v, >0, with Y. ~v;= 5 [, such that for j <3,k <k(j)
zEM' zEM

we have
= 2 el (on g ().
zeM’
Inequality (2.3) then follows by the argument used to prove (2.2). 1

. We now finish the proof of Proposition 2.1. Denote by ¢ the smallest integer such
that 3n+1<29. Using (2.2) and Lemma 2.2, we see by decreasing induction over k&

that for k >4, there exists sets My C M, with card M}, < 2’“, for z € M}, numbers 0 <
ﬁf <1, and for z € M nonnegative integers m'§ such that for j<3,ueR

(24) 70, 00) S2HT@=B) + 3 Bl o )@+ 3 b1 11 (0)

zEMy zeM
and
(2.5) n= Z mk + Z Bk
ZGM ZEMk

Indeed we apply Lemma 2.2 to the function 3. [3 1_o z,](u) and set ﬂk_l =
zEM),

— 2] for ze My_y =M’ mk- 1—mz+ [72] for z€ M. Consider now (2.4) for k=
4. Since 82<1, we have

npj([u,00)) <2+ 7(g—4) + 24+ z m;!l(_ooyzj](u)
ZeMk

<7¢—10+ Z mil(_oo,u](zj).
ZGM 3

Since Y. m2<n by (2.5), this implies the result. (The collection (2%);<, of points
zeM
of S consists of the points z of M, the point z being counted with multiplicity mg.)l
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The empirical measure = Z bx,,; is always at distance 2 {for the total variation
z<n

norm) from A. In order to be able to apply Theorem 2, we will have to introduce an

auxiliary measure close to A, that suitably controls the random sequence (X j)i<n-

We recall that n is 1ntroduced in the statement of Theorem 1, and K in the statement

of Proposition 2.1. We can and do assume n<1/2. Con51der a parameter h>4K;.

Set g=gqn =|n/(hlogn)|. Thus n/q>4 K logn. For £<q, set I;=[({—1)/q.¢/q|.

Lemma 2.3. Consider z1,...,2, €[0,1]. Assume that for 1<{<gq, we have
(2.6) 3(1—Q)gcard{ign;ziele}gf(uﬂ).
q 2 q 2

Then for n>ny, (where ny, depends on h only) there exists a probability measure u
on [2/q,1] with the following properties

(2.7) Yu, 3 <u<1,np(w,1]) > card{i <n; z; > u} + Kilogn
1
(2.8) /tdu ) < Zx, + Khlogn.
0 i<n
(2.9) [l = Al <.

Proof. Define the probability i as follows. For 2 << ¢, u has mass n“lcard{i <
n; z; € Iy} uniformly spread in Iy and has mass k/n concentrated at 1, where k =
card{i <n;z; € 1UI2}. Consider 2/¢g<u<1, let £ be the largest integer such that
¢/q<wu. Then

nu([u,1]) > k+card{s <n; z; € [y U...U I}
On the other hand
card{i <n; z; >u} <card{i <n; z; € [HU...UI,}.
Thus (2.7) holds since, from (2.6) we have

5n 6
Kilogn+card{i <n; z; € I;} < Kjlogn + 17 S < ZE <k.

For 2<£<n, we have

[ taney < uiap () < 420

I,

I/\

0 (5)

Il) 1 Z z

zi€ly

l/\

and thus
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and hence
1

/tdu <sz+ +k<Zx1+Khlogn

0 i<n i<n
This proves (2.8). It is simple to see that

2 k&
M2y 2
e Il_q+n+z
£=3
Khlogn
<= BT 4n/2<n

1 1
—card{i <n; z; € [;} — —‘
n q

for n large enough. This proves (2.9). ]

The following is a consequence of well known bounds on the tail of the binomial
law.

Lemma 2.4. Consider a sequence X1,...,Xy iid uniform over [0,1]. Then the
following event

Ve <gq, q(l—g)gcard{iSn;Xiele}§%(1+g)

has probability >1 —nl-h/K2
We now prove Theorem 1. Consider i.i.d uniform r.v. (Xj;)i<n j<3- It follows

from Lemmas 2.3 and 2.4 that with probability >1 —3nl-h/ K2, there exists three
probability measures u;, 1 <3 <3, supported by [2/g,1], with the following properties

2

(2.10) Vo, S Su<1¥i<s,
npi([u,1]) > card{i <n; X;; > u} + K1 logn

(2.11) s = All <

1

Khlo n
(2.12) Z/ tdu;(t) < a g —ZZXZ’J
J<3% i=1j=1

We now show that under conditions (2.10) to (2.12), the items X; ; can be packed
in bins of size a. To that aim, we first apply Theorem 2 to ﬁnd a probability measure
1 on R3 with marginals p;, and supported by the set {zeR ;21+2z2+23<a}. We
observe that since 11;({2/¢,1])=1, p is actually supported by the set

2
S= {Z€R3; 21,22,23 2 E; Z1+Z2+Z3§a}.
We then apply Proposition 2.1 to find n points z!,...,2" € S such that for <3, u>

2/q, we have
nuj([u,1]) < card{i < n; z;- > u} + Kqlogn.
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Comparing with (2.10), we see that for «>2/¢ we have
(2.13) card{i <n'; Xi; > u} < chrd{i <n: 2 > u).

Since z;» >2/q, it follows that (2.13) actually holds for all . It follows from (2.13)
that there exists a permutation o; of {1,...,n} such that X, (). < z; Thus we have

J
PIRCRUFED DL R

J<3 J<3

and hence the items X;; can be packed in bins of size < a. Thus we have shown

that with probability >1—n!="/K2  we have bn,3(M)< Khlogn/n. Since, obviously,
bn,3(M) <3, Theorem 1 follows by taking h=max(4K7,3K>3).

3. Proof of Theorem 2

It might not even be obvious to the reader that there exists a probability measure
1o on R3, having its three marginals equal to X, and supported by the set Sg /2=
{{z1,29,23); z1 + zo+ 3 <3/2}. Our first task will be the explicit construction of
such a measure. This measure will actually play an important role in the proof of
Theorem 2.

Consider the set

1 3
B={($1,iv2); 0<xy, 2<1; §Sx1+x2§§}.

Proposition 3.1. There exists a probability measure vy on B with the following
properties
(3.1) The two marginals of vy are X\. The image of vy under the map (z1,z22)—
x1+ 9 is uniform on [1/2,3/2).
(3.2) vy has a density > 1/K3 with respect to the two dimensional Lebesgue
measure.
Thus if we denote by pg the image of vg under the map (x1,z2)— (zl,zg,%—xl —-;1:2),

it is supported by 53/2, and its 3 marginals are equal to A.

Proof. For a measure v on B, denote by r(v) its image under the map (z1,z2) —

x1 +x9. For 0 < u <1/2, consider the boundary R, of the rectangle of vertices

(0,1-u),(u,1),(1,u),(1—u,0) and the probability v, uniformly spread on R,. Then

the two marginals of «y, equal A, while r(,) consists of two masses of %(1 —u)

concentrated at 1 —u and 1+ u respectively, and a mass u uniformly spread on the
1/2

interval 1—u, 14u. Set h(u)=(1-u)~2, so that J h(u)du=1. Consider the following
0

mixture of the probabilities 7y,:
1/2

vy = /h(u)’yudu.
0
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Obviously its two marginals are equal to A, and (3.2) holds. (The density of vy could
easily be computed, but its actual value is irrelevant for our purposes). It remains
only to show that

1/2

r(vg) = /h(u)r('yu)du
0

is uniform on [1/2,3/2]. Obviously r(vp) is symmetric around 1. For 0<¢t<1/2 we

have
¢ 1/2
1 1 t
r(o)([L,1+1]) =5 / h(w)du + 5 / = u h(u)du,
0 t
Elementary computations show that this is t. This finishes the proof. ]

Our proof of Theorem 2 will be non-constructive. It uses the following criteria,
due to V. Strassen. (The proof of this criteria relies on the Hahn-Banach theorem).
Proposition 3.2. [4] Consider three probability measures p;, j=1,2,3 on [0,1], and

a closed set SC[0,1]3. The following are equivalent
(1) There exists a probability measure p, supported by S, of marginals p;,j =

1,2,3.
(2) Given continuous functions ¥;, j=1,2,3 on [0,1] that satisfy
(3.3) (x1,22,73) €S = Y D(z;) <1

353
1
then ) [9;du;<1.
<30

While Proposition 3.2 is easy to prove, the criteria it provides is by no means
easy to use, the difficulty being to understand which triplets of functions satisfy
(3.3). The main step toward this, in the case §=Sg, is the forthcoming Proposition

3.3. We denote by J the interval ['TIU’%%T] The choice of 1/10 there is done for
convenience and has no special meaning.
Proposition 3.3. Consider two functions fi,fy from J to R. Forx € J+J =
[—2/10,22/10}, set

9(z) = sup{fi(z1) + fa(z2) ; 1,22 € J,z1 + x3 = z}.
Let e = [(g(x1+29) - f1(z1) — f2(a2))dz1dza. Then we can find functions f}, f} from

B
J to R and real numbers a1,a9,a with the following properties

(3.4) fl>fifori=1,2
4 16 3
(3.5) For z € [1—0-,1—0-} = §—J,m1,x2€J,a:1 +1z9 =1z,

we have g(z) > f1(z1) + fa(z2)
(3.6) For i = 1,2, and z € J, we have |f/(z) — (a; + az)| < Kye.
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The proof of that result, while purely elementary, is somewhat lengthy and
uninspiring. Thus, in order not to discourage the readet, we postpone this proof to
section 4, and we turn toward the nicest part of the proof of Theorem 2, that is the
deduction of that theorem from Proposition 3.3.

For simplicity, we will say that a triple of functions (f;);<3 from J to R is
admissible if it satisfies the following condition:

ij(:vj) < 1 whenever z1,z9,23 € J, ij =3/2.
J<3 7<3

We say that an admissible triple (f;);<3 is mazimalif whenever we have an admissible
triple (fJ'-)jsg such that fJ’- > f; for j<3, then fj:f]'- for j<3.
The following is a crucial consequence of Proposition 3.3.

Proposition 3.4. Consider a maximal admissible triple of functions (f;);<s from J
toR. Let e=1— 3 [ f;dX\. Then there exists (a;)j<3 and o such that, for j <3 and
i<3
z€J we have
Ifi(z) — (a5 + az)| < Kse.

Proof. For x€[-2/10,22/10], we define
9(z) = sup{fi(z1) + fo(x2) ; =1,22 € J, 1 + 22 = x}.

Since the triplet (f;);<3 is admissible, we have g (% —z) + f3(z) <1 whenever z €
3/2

J. It follows that [ g(z)dz<1— [ fsdX. We now recall the measure v constructed
1/2

earlier. We have

/(9(331 + z9) - fi(z1) — fo(z2))dvo(z, 72)

B
=1‘:’/:29(x)dz - /fld)\ - /fgd/\ <1- J%/fjd,\ =

From (3.2) it follows that

/(9(31 +x9) = fi(z1) — fa(x2))dz1dzy < K3e.
B

From Proposition 3.3 we find f] > f; for i=1,2 and ay,a2,a that satisfy (3.5) and
(3.6) {with ¢ replaced by K3ze).
Given z1,22,73 € J,z1+72+73=3/2, we have 3/2—z3€3/2—J, so that, by (3.5)

filen) + fyen) <9 (3~ 22) <1 falas).
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This shows that the triple (f, 3, f3) is admissible. Since we supposed that (f;) j<3
is maximal, we must have f/= f;, i=1,2. Thus from (3.6) follows that

|fi(z) — (a; + az)| < K3Kye for z € J,i = 1,2.

We can apply the same argument to the couple f1, f3 to find af,a},a’ such that
|fi(z) — (o] + )| < K3K4e for i =1,3. Taking i =1,z =0 shows that |a; —a}| <
2K3K4e. Taking x =1 then shows that a — o' < 3K3Ky. Setting ag = ag, it then
follows that |f;(x)—(aj+ax)| <6K3K4e for <3, z€J. 1

We now prove two simple lemmas.

Lemma 3.5. Consider three bounded functions ¥}, <3 from [0,1} to R and a number
b>0. Assume that

z1,z9,73 € [0, 1],23:]- <b= Zﬁj(zj) < 1.
J<3 J<3

Then we can find three functions g; from R to R such that g;{z)=1v;(z) for z€[0,1],

and Y g;(z;) <1 whenever ) z; <b.
Jj<3 j<3

Proof. Define A=max | 0, 3 sup{d;(z):z€[0,1]} |. We define g;(z)=9;(z) if z €
J<3
[0,1]. We define g;(z)=1;(1) if z>1. We define g;(x)=1;(0)— A if z<0. Consider
now r1,z2,73 such that ) x; <b. We want to show that > g;(z;) <1. Clearly we
j<3 i<3
can assume that z; <1 for j<3. The result is obvious if z; >0 for j<3. But if T <
0 for some j <3, we actually have

Zgj(:cj) §Zsup{19j(x); z€e0,1]}-A<0. 1

7<3 Jj<3

Lemma 3.6. Consider an admissible triple (h;);<3 of functions from J to R. Then
there exists an admissible triple ( fi)j<3, f; = hy for j<3, that is maximal.

Proof. Define, for z€J

fi(z) = inf{1 — ha(z2) ~ h3(x3) ; 2,73 € J, z + 12 + 23 = 3/2}.
Obviously the triple (f1,h2,h3) is admissible, and f1 > hy since (h;);<3 is admissible.
Also, if an admissible triple (f:;)jsg satisfies f! > h; for j <3, then f] < fi. Thus if
f{ > f1 we must have f{ = f1. Thus we have replaced the admissible triple by one

where the first function is maximal. We proceed in the same way for the second, and
then the third function. 1

We now come to the crucial point. In view of Proposition 3.2, Theorem 2 follows
from the next result.
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Proposition 3.7. There exists > 0 with the following property. Suppose that we
are given three probability measures (j1;);<3 such that ||u; — Al| <n,j <3. Let b=

Y, fadu;(z). Consider three continuous functions ¥; from [0,1] to R such that
j<3

(3.7) 1,179,203 € (0,1, zj=b=Y di(z;) <1.
<3 i<3
Then . [¥;du;<1.
J<3
Proof. We first use Lemma 3.5 to construct functions (g;);<3 on R such that g;{(z)=
¥;(z) for r€[0,1] and

(3.8) Szi=b= gz <L
J<3 J<3

Define a by b=3/2+ 3a. Since’|b—3/2| <37, we have |a| <7. We surely can
assume 1< 1/20, so that |a| <1/20.

Consider the function k; from J to R given by h;(z)=g;(z+a). It follows from
(3.8) that the triple (h;);<3 is admissible. Using Lemma 3.6, we can find a maximal
admissible triple (f;);>3, with f; >h

Wesete=1-3 [ f;dA. According to Proposition 3.4, we can find numbers

3<3
(aj);<3 and a such that for z€ J,
(3.9) Ifi(z) — (a; + az)] < Kse.
Set ¢;(z) = fj(z —a). For £€[0,1], we have z—a€J, so
§i(x) = fi(z —a) > hj(z - a) = gj(z) = 9;(z).

Moreover, if Aq denotes the uniform probability on [a,1+a], we have [ fjdA= [ €;dAq.
Also, from (3.9), we see (since |a| <1/20) that for x €[—1/20,21/20] we have

(3.10) §5(z) — (bj + az)| < Kse,

where b j =a; —oa. We have

{3.11) ]z? dpy < /fjd,u,} /Ejd/\a fgjdr/j /f3d/\+/§}

where v; is the (signed) measure j; —A,. From (3.10) we see that
/fjduj - /(bj + az)dvj(z)
since [lu; — Xall < 135 = M+ A = Aal| <0 +2a <3n. Now

/(b + ax)dv;(x /(b + az)du;(z) - /(bj + az)diq(z)

=bj+a/zdpj(x)—bj~a(%+a).

< Kselluj — Aall < 3Ksen
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/ﬂjduj < /fjd/\ +a (/xduj(w) - (% +a)) + 3K5mne.

We remember that
1
b=3 (5 +a) = Z/mdpj(x).
J<3

Thus, if we assume 7 <1/9K5, we have, by definition of ¢

}:/ﬁﬂijEZ/fﬂA+esL

<3 <3

Thus

This completes the proof.

4. Proof of Proposition 3.3

Before we start the proof, we explain the ideas underlying the approach. Con-
sider the two sets

A= {(z,y) ;e dy< fl(-T)}

B= {(xay) ; T € Jay Z —f2(—.’1))}.
For 0 < a < 2, we denote by B, the translation of B to the right by a length a.
Consider the smallest value £(a) such that if one translates upwards the interior of
B, by t(a), this interior does not meet the interior of A. It is a simple matter to see
that t(a) =g(a). Denote by C, the translation upwards of B, by t(a)=g(a).
Consider the region

R(a) = {(z,y); z €[0,1,a —z € [0,1], fi(z) <y < g(a) - fala — 2)},
and for z1,29€ J, set
h(z1,72) = g(z1 + 22) — fi(z1) — fa(z2).
By hypothesis, we have £ = [ h(z,y)dzdy. It is a simple matter to see that this
B

means that the average value of the area of R(a), for a€[1/2,3/2] is e. This means

that the upper boundaries of A and the lower boundary of C, have approximately

matching shapes for most values of a. A typical situation where this occurs is when

filz)=a1+az—71(z), fo=a1+az—79(z), where 71,7220, and [ 71(z)dz, [ mo(z)dz
J J

are small (and the proof will show that this special situation is actually the general
case). There is a small proportions of points x for which 7(z) is much larger than
its average. These points are not going to provide any information about the value
of a; or «, and the first task is to identify these points. This is done by observing
that, for such a point, the average value of g(a)—- f1(z)—fa(a—z) over a is abnormally
large. More precisely, for z€[0,1], let By={y€[0,1]; (z,y) € B}. Set

@) = [ bz,

B
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By Fubini Theorem, we have

1
e= [ h(z,y)dzdy = | h(z)dz.
remes-]

Let U={z€|[0,1],h{z) <50¢}. Thus A(U)>49/50. We can think to the points of U
as typical points.

Lemma 4.1. Consider 0 <5< 1/8 and a € U such that a+b € U, and consider the
affine function £ on R such that £(a) = fi(a),€(a+b) = fi(a+b). Then, whenever
a+c€J and |¢|<1/8, we have

f1(a+c)§§(a+c)+Ks<1+|—Z|).

Comments. This will be used for |c| of order b. This means that the graph of fj
cannot make a “spike” above the graph of £. The reason is that, since R(a) is of
small area for most values of a, such a spike must correspond for many values of q,
to a “dent” in the boundary of Cj,; but when a varies, these dents will combine to
create a large hole in the boundary of B, and this large hold will prevent a close
contact between the boundary of A and that of C,. The quantification of this simple
idea is unfortunately very uninspiring.

Proof. By definition of h, for 1,29 € J we have

fa(zo) = g(z1 + z2) — fi(z1) — h(Z1,79).

Taking z1 =a,z9 =9y —a, we have, for y—a€J

(4.1) fo(y — a) = g(y) — fi(a) — h(a,y — a).
Replacing a by a+ b, we have, for y—a—be J that
(42) foly—a—-b)=g(y) - fila+b) —h(a+by—a—b).

Replacing a by a+c, we have, for y—a—c€J that
fly—a—-c)=g(y) - file+c)—hMa+cy—a-c)

and hence

(4.3) faly—a—c) <g(y) - fila+c)
We set §=fi(a+c)—€&{a+c). (This is the quantity that we want to bound.)
The function £ is affine, thus of the type £(t) =at+0. Thus £(a—y)=£(a)—ay=
fi(a) —ay. We set, for y—a€ J:
f) = faly—a) +&(a —y) = faly — a) + fi(a) — ay.

We set ¢'(y) =g(y) — ay, h1(y) =h(a,y—a). From (4.1) we see that, for y—a€ J, we
have

(4.4) f) =4 - ).
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For y—a—be J, we set ho(y) =h{a+b,5y—a—5b). From {4.2) we see that for
y—a—beJ, we have, since f1(a)+ab=£E(a+b)=fi(a+D),

(4.5) fly—1b) =4'(y) — ha(y).

Since £(a+c—y)=—ay+£(a+c)=—ay+ fi(a+c)—8, we see from (4.3) that for
y—a—ceJ, we have

(4.6) fly—e) <dy) -6

To understand the point of (4.4) to (4.6), the reader could try first the case h; =
ho =0. In that case, f(y— b) f(y) and f(y—c) < f(y) — & for. many values of y,
which would imply § <0. It is unfortunately not true that h; and ho are zero; but
these functions have a small integral. Since a€U,a+beU we have

(4.7) 50 > / h(a,z)dz = / hi(y)dy
Bg CH"Ba

(4.8) 0:2 [ hla-+b,o)ds = [ mwi
Ba+b : a+b+Bﬂ+b

Since B = [max(0,1/2—a),min(1,3/2~a)], for 0<b<1/2 and a+b<1 it is
simple to see that B ﬂ(b+Ba+b) is an interval of length >1/2. Since we assume 0<
b<1/8,|c|<1/8 there exists an interval I of length >1/4 such that for ¢t € I, we have

t,t+b,t—c,t+b~c€(a+Ba)ﬂa+b+Ba+bCa+J.
From (4.6), (4.4), we see that for y,y—c€a+J we have
§<g' ()~ fly—c)=fly)+my) - fly—c).

The details of the following calculation differ depending on the sign of ¢. For
definiteness, we assume ¢>0. We have, for tel,

t+b t+b

b = / bdy < / (F@) — fly — ) + h(y))dy
t i

t+b t+b—c t+b
=/f dy—/f dy+/h1()y
t+b t+b
= / , ydy—/f(ydy+/h1y)dy
t+b—c t—c t
t+b t+b

- [ vw-sa-a+ [ mwa.

t+b—c t
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From (4.4), (4.5), we have

(y = b) + ha(y)
and thus
t+b t+b
b < / ha(y)dy + / h1(y)dy.
t+b—c

We integrate this inequality for t € I. Since I has length >1/4, we get

(4.9) / / ha(y)dtdy + / / hi(y)dtdy.

tel yejt+b—c,t+b] tel ye(t,t+b]

We observe that for t € I, we have [t,t+b] Ca+B,. Using Fubini Theorem yields

/ / hi(y)dtdy < b / h1(y)dy < 50¢b.

tel yelt,t+b] a+Ba

A similar treatment of the first term of (4.9) yields

% < 50e(c+b), ie. § < 200e(1 + ¢/b).

The technical restriction |¢|<1/8 in Lemma 4.1 prevents this lemma to provide
global information on the behavior of f on J, although it does give information on
large subintervals. The purpose of the next lemma is to patch these informations
together, to obtain information on the whole of J.

Lemma 4.2. We can find a1,ay with the following properties.
(4.10) Forze J, fi(z)<a;+ajz+ Ke
(4.11) ForzeU, fi(z) > a1+ az.

Proof. For i=1,...,21, the interval [(2¢—2)/41,(2i—1)/41] is of length 1/41. Since
A(U)>49/50, we can find u; €U in this interval. We observe that 1/41 <w; 41 —u; <
3/41<1/8.

For ¢:=1,...,20, we consider the equation b; + §;z of the line through (u;, f1(w;))
and (u;41, f1(4;41)). Consider now z € J, |z —u;| <1/8. It follows from Lemma 4.1,
used with a=u;,a+b=wu;,|,a+c=x that

(4.12) fi(z) < b+ Bz + Ke.

Fix 1<4<19, and let £(z) =b+/5z be the equation of the line through (u;, fi(u;))
and (u;4+9, fi{u;42)). Observe that u; 9 —u; <5/41 <1/8. Using Lemma 4.1 with
a=u;,a+b=u;49,a+c=u;4 yields

filuip1) € &(ujpq) + Ke.



348 WANSOO T. RHEE, MICHEL TALAGRAND

Now
filuir1) = fi(wi) + Biuiv1 — uq)
= f1(w;) + Bluir1 — w;) + (B — B)(uig1 — uy)
= &(uir1) + (B — B)(ujr1 — wi) < E(ui41) + Ke.
Since u; 41 —u; >1/41, we see that 3; — 3< Ke. Using (4.12) for z=wu;49, we have

E(uita) = fi{uit2) < b + Biujpo + Ke.
Since §(u;) = f1(u;) =b;+ Biu;, we get
Buiye — u;) = E(uipo) — E(ug) < Bi(uspo —u;) + Ke

and hence f—f; < Ke. This shows that |3;—3]| < Ke. A similar argument shows that
|8—Bi+1| < Ke, and thus |3;— ;41| < Ke. Thus we see that |5;— 10| < Ke for  <20.
We observe that

bi + Biuie1 = fluiv1) = big1 + Bit1uis1

so that [bi+1 — b5 <|Bi+1—Bs| < Ke. Thus |b; —bm] < Ke for i<20.
Given z € J, we can find i such that |z—u;| <1/8 (here we use that 1/10+1/41<
1/8). From (4.12) we have

fi(z) < b, + Bz + Ke

so that f1(z) <big+ Broz+ Ke. In order to prove (4.10), (4.11), it is thus enough
to show that f1(z)>b1g+ Bioz — Ke for z €U (we then set a; =byg — Ke, a1 =019p).
Suppose first that u; <z < u;y; for some 1 <7 <20. Then if ¥ + 'z denotes the
equation of the line through (u;, f1(u;)) and (z, fi(z)), we can use Lemma 4.2 to see
that
filuigr) <Y+ fujp + Ke

= fi(us) + B'(uir1 —w) + Ke

= fi(uig1) + (8" = B (uig1 — ws) + Ke.
It follows that 8’ > 3; — Ke. Thus

fi(z) = filug) + B'(z — ui) > fi(w) + Bi(z — u;) — Ke
=b;, + B;x — Ke > big + frox — Ke.

We now consider the case x <wu; (the case z >wug is similar and is left to the reader).
We recall that

(4.13) fi(u1) = by + Brug > big + Brow1 ~ Ke.
The values of byg, 319 do not depend on the choice of u1; so (4.13) still hold when u;
is replaced by x. This finishes the proof. 1

Lemma 4.3. We can find a,ay,a9 with the following properties

(4.14) Forz € J;i=1,2, fi(z) <a;+az+ Ke
(4.15) ForzeU, i=1,2, fi(z) 2 a; + ax.
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Proof. Lemma 4.2 says that we can achieve this where a is replaced by a number o;
depending on 4. It clearly then suffices to show that |a; — ag| < Ke. There is no loss
of generality to assume a; > «a.
Consider 71 €[0,1/4],z2 € [3/4,1]. We have
(4.16)  fi{z1) + folze) < a1 + oamy + Ke + ag + agzg + Ke
=a1 +az + (a1 ~ ag)z + az(x] + 72) + 2Ke

1
<a1+az+ 2(01 —ag) + ag(zy + @2) + 2Ke.

We note that |2y +z9—1|<1/4. Since A([0,1]\U) <1/50, it is clear that we can find
z€U, £>1/2, such that 21 +x9 —z€U. We then have

(4.17) g(z1 + z3) > fi(z) + fa(zy + 22 — )
> ay +ag + 1z + ag(z) + 72 — 7)
=aq1+ag3+ ag(.’lll + Iz) + (Oq - ag)m

1
> aj + a9 + a{z + x9) + 5(061 —ag).

From (4.16) and (4.17) follows that

h(z1,z2) = g(z1 + 22) — fi(z1) — falz2) > i(al - ag) — 2Ke.

If we integrate this inequality over z; € [0,1/4],z2€[3/4,1], we get a1 —ag < Ke. 1§
We are now ready to prove Proposition 3.3. Consider a;,a, K as in (4.14), (4.15).
Set, for 1=1,2,
fi(z) = Max(f;(z), a; + az — Ke).
Thus |f/(z) — (a; + az)| < Ke. Thus it suffices to show that for 71,22 € Jyz1+22€
[140,%8], we have f](z1) + fj(z2) < g(z1+z2). This holds if f{(z1) = fi(z1) and

Fi{x2)= fa(z2). Otherwise f{(z1)+ fo(x2) <ar1+az+afzy+xz). Clearly there exists
y1 €U,y9 €U such that y; +y2 =21 +x2. Thus

g(z1+22) = g(y1+v2) 2 fily1)+ fa(y2) > a1 +ayr +az+ayz = a1 +az+a(z1+12).

Proposition 3.3 is proved.
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